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Abstract 

For the homogeneous configuration given by the long string limit of the folded string 
with a spin in ^^5*3 and a spin and a winding number in S^, we solve the auxiliary 
linear problem in the finite-gap method and construct the Lax operator to obtain an 
algebraic curve. We show that the long spiky string in AdS^ has the same algebraic 
curve as the null cusp Wilson loop. The algebraic curve for the circular winding string 
in AdS^ X is evaluated. The Virasoro constraint is discussed to characterize the 
branch points of each curve. 
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1 Introduction 



The AdS/CFT correspondence has more and more revealed the deep relations between 
the A/" = 4 super Yang-Mills theory and the string theory in AdS^ x S*^ Various types 
of classical string solutions play an important role for the computation of the planar con- 
tribution to the conformal dimensions of non-BPS operators for any value of the coupling 
constant and the construction of the correlation functions for string states |3l IH |5l |6] . 

The finite-gap method for spectrum of classical string theory has been presented [3 El El 
[To] where each solution of string in AdS^ x is characterized by a Riemann surface known 
as the spectral curve. This approach has been developed [HI |T2l [131 [IH [15], where various 
string solutions and their dynamics are formulated as the finite-gap solutions. The spiky 
string solution in AdSs |16l [17] has been investigated by the finite-gap method in [15] and 
the spectral curve defined [3 [H| by using the monodromy operator has been studied where 
the eigenvalue of the monodromy operator specifies the pseudomomentum whose analytic 
properties as a function of the spectral parameter are analyzed. The algebraic curve has 
been defined by using the Lax operator which is described as the derivative with respect to 
the spectral parameter for the logarithm of the monodromy operator [TTl [18] . 

The finite-gap solution in [7J has been produced by investigating the analytic properties 
of monodromy around a noncontractible loop going around the closed string cylinder. In ref. 
[TU] the algebraic curves based on the Lax operator have been constructed for the Wilson loop 
minimal surfaces corresponding to the null cusp [201 [21] and qq potential [22] , where all loops 
are contractible. For the classical string solution [23] dominating the correlation function of 
the circular Wilson loop and a local operator, an algebraic curve has been also presented. 
Further inversely the original Wilson loop minimal surface and the correlation function 
solution have been reconstructed from the algebraic curves and some minimal structural 
assumptions. 

Associated with the finite-gap method and the Polhmeyer reduction method [23] there 
have been various constructions of string solutions by using theta functions [23 [23 [2Z] and 
evaluations of the three-point correlators for three heavy string states [6l [21] . 

The null cusp Wilson loop solution is related [29] with the large spin limit of the GKP 
folded string with spin 5* in AdS^ [30] through a discrete SO (2,4) transformation and an ana- 
lytic continuation. In the special large spin scaling limit, namely the long string limit [211 [32] 
the folded closed string with two spins 5* in AdS^ and J in 5"^ turns out to be a homogeneous 
configuration. The one- and two-loop corrections to the energy of this string configuration 
have been computed [321 [331 [33] and compared with the cusp anomalous dimension derived 
from the strong coupling behavior of the asymptotic Bethe ansatz [351 [3S1 [3Z] and the 0(6) 
sigma model analysis [33]. Further the folded string with spin S in AdS^, and spin J and 
winding number m in becomes a generalized homogeneous configuration in the large spin 
scaling limit. The two- loop correction to the energy of this string configuration has been 
studied [39j to be in agreement with the corresponding terms in the generalized scaling func- 
tion as obtained from the asymptotic Bethe ansatz [30] and also partially from the quantum 
0(6) sigma model and the Bethe ansatz data |41] . 

Using the procedure of ref. [19] we will construct the algebraic curve for the homogeneous 
string solution with two spins S and J in AdS^ x [32] as well as for the generalized 
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homogeneous string solution with an additional winding number m in [3S]. It is desirable 
to study how the corresponding algebraic curves are related with the curve for the null cusp 
Wilson loop solution. For the long spiky string solution in AdS^ fT5], the algebraic curve 
based on the Lax operator will be computed. We will analyze the circular winding string 
solution with spin S and winding number n in AdS^ and with spin J and winding number 
m in [32j to derive the algebraic curve. 

2 Algebraic curve for the long folded string with two 
spins S and J 



Based on the prescription in ref. [19] we express the action for the AdS^ sigma model in 
terms of group elements 



S = ^J tijjd'w, (1) 

where w and w are the complex worldsheet coordinates and the currents j = g^^dg and 
j = g~^dg are specified by the group element 



XQ+Xl 1 

2^ 2 2 ^ 
-Xq+X-^+Z Xq—Xi 



(2) 



for the Minkowskian AdS^ in the Poincare coordinates {zq,xi,X2)- In the finite-gap method 
the equations of motion are described by the zero-curvature condition for a family of flat 
currents represented by the spectral parameter 

The zero-curvature condition enforced for arbitrary complex x is equivalent to the con- 
sistency condition for the auxiliary linear problem 

+ J^ = 0, (4) 
+ J^ = 0, (5) 

where \E'(w,w;x) is a two-component vector. A 2 x 2 matrix is constructed by 

arranging the two independent solutions \E'^, i^^*^ column vectors as 

= (^i,^'2), (6) 

which obeys the matrix differential equations 

d4/ + J^ = 0, (9^ + = 0. (7) 
The solutions of these equations lead to the current 

j = -d^-^-%=o, (8) 
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which reproduces the original string solution [TT] 



(7 = \/det^-^-^U=o. (9) 
From the monodromy operator expressed in terms of the flat currents as 

n{wo, Wo; x) = Pe^'c J^-^+J^^^ (10) 

where C is a loop on the worldsheet based on some point {wq, Wq), a. Lax operator is defined 
by a 2 X 2 matrix [TT] 

d 

L(w, w] x) = —itt log Vliw, w; x), (11) 
ox 

whose entries are rational ( or polynomial ) functions of x. The Lax operator satisfies 

dL + [J, L] =0, dL + [J, L] = (12) 

and defines an algebraic curve as the characteristic equation 

det{y-l-L{w,w;x)) = 0. (13) 

The solution of (IT^ is presented as [IS] 

L{w, w] x) = ^(w, w; x) ■ A(x) ■ '^(w, w; x)~^, (14) 

where A{x) is an arbitrary x-dependent matrix. 

We consider the folded closed string with spin S in AdS^ [30j and spin J in [33]. In 
the long string limit 

^>J>1, z>=-^ = fixed, (15) 

the {S, J) folded string solution turns out to be the following homogeneous configuration in 
AdS3 X ^1 [32] 

ds"^ = — cosh^ pdt"^ + dp^ + sinh^ pdcf)"^ + dip"^, (16) 
t = KT, p = pa, (f) = KT, ip = z/r, K, /i, z/ 1, (17) 

where the parameters p and u are related with spins S and J as 

p^-\nS, v=^- (18) 

The Virasoro constraint gives 

The corresponding embedding coordinates in AdS^ are described by 

F_i + iYq = cosh /iae^^", Yi + iY2 = sinh pae'''\ (20) 



We rotate the worldsheet time r to the Euchdean one 

r = -iTe (21) 

to have 

F_l = cosh /iCr cosh KTe, Yo = —"^ cosh /iCT Sinh KTe, 

Yi = sinh /iO" cosh , 1^2 = ""^ sinh /iO" sinh KTe- (22) 

Performing a discrete SO(2,4) transformation that interchanges Yq and Y2 as Yq = —iY2, Y2 = 
—lY^ we express the string solution in terms of the Minkowskian Poincare coordinates 

- = F_i - Fn = e"''^" cosh ucr, 
z 

Xq = zYq = e^'^" sinh KTg tanh fia, Xi = zYi = e'^'^" cosh nTf. tanh fia. (23) 

It imphes that the group element in ([2]) is given by 

_ / 6'^'^'= sinh yucr e~'^'^'= cosh yua \ , , 

9 I _gKre pQg]^ —e~^'^^ sinh fia J ' ^ ^ 

For the Euclidean worldsheet we represent the complex coordinates as 

W = a + ITe, W = a — ITe (25) 



to have the currents 



2^ ^2 / 



■K fl iK{w — w) 

'■2 _ 2 

l£„—iK{w—w) 

2'^ ''2 



(27) 



Expressing the two-component vector \l/ as \l/ = ( ^ ) for the linear differential equation 
dl]) we get the following two equations 

(9 + ^te)/3 = -r^J..- (29) 

The substitution of each entry of the current j into (1281) leads to two independent solutions 

a,^e<'^^^'}". (30) 

We choose a_ as associated with the upper component of and obtain the corresponding 
lower component /3_ by combining f l29|) and f l30|) 



The other hnear differential equation is also expressed as 



j22) (d + —^jn I a 



1 + x 



1 + x" 



2 Ji2j2itt = ( o + zr—Ju ] a, 



+ 
1 

l + x 



Jl2 



1 + x" 



J2ia, 



(32) 



which characterizes the w dependence. According to the minus sign of the square root we 
extract the w-dependent factor 



2, ^-tI^a/i-i 



/3_ = e" V ""^ ' / . (33) 

Combining together we obtain one independent solution for the linear problem 



^1 = e~ 



V 



if) 



(34) 



In the same way the other independent solution \1'2 corresponding to the plus sign choice 
in ( 130|) is also constructed by 
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x^ + tx \ e 2 



(35) 



Thus the two independent solutions differ by choosing a different branch of the square root, 
where we treat the linear solution as a single function on the two branches of the algebraic 
curve. The solutions (IMI) and (l35l) show the isolated essential singularities at x = ±1, which 
is the structure of the Baker- Akhiezer function [T9] . 

From the expression (fT^ with and (135|) we obtain the Lax matrix which is generally 
not a polynomial in x. We choose A{x) to be 



A{x) 



which gives the polynomial Lax matrix 



L(w, w: x) 



1 
-1 



(36) 



K 

l£^-iK{w-w) 



(37) 



The substitution of this expression into f|T3l) yields the genus-0 algebraic curve 



2 f \ 2 
y = - I -X 



(38) 



Owing to the Virasoro constraint fll9p the branch points of the curve = ±fi/K, stay 
between the essential singular points ±1 as — 1 < a;~ < a;^ < 1. The algebraic curve is also 
expressed in terms of the fixed scaling parameter 



When the spin J in is turned off, that is, k = /i the algebraic curve becomes = 1 — x 
which is the same as the expression [19] for the null cusp Wilson loop solution [201 EI] • 



3 Algebraic curve for the long spiky string in AdS^ 

We turn to the spiky string solution [16J in AdS^ for the string sigma model in the conformal 
gauge [T7t [T5] . In the large spin limit the spiky string solution in the metric (fT6|) is described 
by 



p = -cosh ^ (wq cosh 2(t) , 
t = f + tan"^ I coth 2poe'^^ + 



sinh 2po 



(j) = f + tan"M coth2poe^^ r I (40) 

Y smh 2po / 

with a = (L/27r)(T, f = {L/2tt)t, where L/2tt takes large value in the long string limit. 
We put p = L/2n for convenience. The radial coordinate p is restricted by p > po with 
Wo = cosh2po. The string shape is represented by a single arc whose endpoints approach 
the boundary of AdS^. The angular separation A^^ = 2A0 at constant t of the arcs is given 
by Ae = 2tan-i(l/sinh2po). 

Now we make the analytic continuation f l2T]) of the worldsheet time for the embedding 
coordinates of the solution (HDl) to have 

Y_i = cosh p cosh(pre + i{/)+) , Yq = —i cosh p sinh(pre + i(/)+) , 
Yi = sinh p cosh (pTe + 20_), 12 = — sinhpsinh(pre + i0_), (41) 

where 0± = tan~^(coth2poe^'^ ± 1/ sinh2po). The SO(2,4) interchange produces the string 
configuration in the Minkowskian Poincare coordinates. Using the following expressions 



sm0i = , cos — 



2 cosh p 2 cosh p 



sm0_ = ——^ , cos0_ = -— (42) 

2 smh p 2 smh p 



with 



cosh p = Jwq cosh per — sinh po, sinh p = Jwq cosh per — cosh po, (43) 
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we have 



1 

z 

Xq ± X\ 

z 



I Wo 



Wo 



Woe 



1 



2 



I Wo - —e-^"'±i 

Wo 



Woe 



Wo 

1 



The group element g reads 



2 



Woe- 



wo 



We- 
We- 



woef"" + 



Woe 



wo 

-fl.CT 



(44) 



(45) 



with W = ywo — 1/wo, where the Euchdean worldsheet coordinates Tg and a are also given 
by fl2^ . The determinant of g is indeed unity and (jlSD is regarded as a complexified version 
of the solution. 

Although g is expressed in an involved form, the two currents j and j turn out to be 



J 



Hp-ifJ-iw-w) 



3 



iip-in{w~w) 

2^ 



*2 

ii„i^i{w-w) 

2^ 

^2 



which do not include the parameter wo and are compared with 
algebraic curve 



(46) 

(B71) to yield the genus-0 
(47) 

Thus the algebraic curve for the large spin limit of the spiky string in AdS^ is the same as 
the null cusp Wilson loop. This agreement is associated with the SO(2,4) rotation between 
the long spiky string solution with two spikes and the straight folded string solution, namely 
the GKP string solution in the large spin limit 



y 



4 Algebraic curve for the long folded string with two 
spins /S, J and winding number m 

We analyze the case for the extension of the homogeneous string solution in ( IT6|) . (|T7|) to 
have one additional parameter, a winding number m of the string around the S"^ in S^. In 
the conformal gauge the asymptotic string solution is given by [39] 

t = KT, p = p{a), (t> = KT + ^{a), {p = UT + ma, 

coshp(cr) = a/1 + 7^ cosh yUCT, tan $((t) = 7 coth/xcr, 7= (48) 

for the special large spin scaling limit 

I, S J 
K > 1, /i^-ln^>l, z/ = ^ > 1 m > 1, 

V TTl 

= — = fixed, m = — = fixed, (49) 



where the Virasoro constraint yields 

^2 = ;i2^z/2 + m2. (50) 

Making the analytic continuation fl^T]) of the worldsheet time for the embedding coordi- 
nates in AdS^ we have 

YLi = cosh p cosh KTe, Yq = —i cosh p sinh kt^, 
Yi = sinhpcosh(Kre + z$), F2 = — ^ sinhp sinh(Kre + z$), (51) 

which also follow the SO (2,4) interchange between Yq and Y2. We use the following expres- 
sions that are compared with fH2]) and 



7 coth pa 1 
sm<l> = — , cos<P = 



1 + 7^ coth pa Y 1 + 7^ coth pa 



sinh p = sinh payl + 'j'^ coth^ /xcr (52) 
to express the string configuration in terms of the Minkowskian Poincare coordinates 



^ 1 + 7^ cosh pae~ 

— = sinh pa sinh kt^ + 27 cosh pa cosh KTg , 

z 

— = sinh /iO" cosh KTe + ^7 cosh /iCT sinh KTe . (53) 

The corresponding group element g is described by 

_ / e'^'^'= (sinh /io" + 27 cosh yuo") v^l + ^'^e'^'^'^ cosh pa \ , . 

- VI + ^'^e'^'^" cosh /i(T e~''^'=(-sinh/xcr + z7cosh/icr) j' ^ 

which is also regarded as a complexified version of the solution. The currents j and j are 
computed by 

~ 1^ f v/rT7^e-*''('"-'^) |(/t-/i7) y' 

1^ f v^TT^e-^'^^--'^) -!(/€ + /i7) )■ ^^^^ 
The two independent solutions for the linear problem are determined by 



where 



K 



2^7 2 

X — X . 



(58) 



When 7 = these solutions become and (155]) . Arranging the two independent solutions 
to construct ^ and choosing A = \/ddiag(l, —1) we obtain the polynomial Lax matrix 



L{w, w; x) 



E y/l _)_ ^2Q-iK{w-w) 

which gives the genus-0 algebraic curve S 



(59) 



y 



, 2/i7 2 
H X — X . 



K 



The two branch points of the curve on the x plane read 



- 1 < a;- = -^(7l + 72 - 7) < 0, < 



1 + 7^ + 7) < 1, 



(60) 



(61) 



where inequality is shown by using the Virasoro constraint f l50|) . In terms of the fixed scaling 
parameters z> and rh the algebraic curve is expressed as 



y 



1 + z>2 + 

whose branch points are given by 



+ 



2i)rh 



1 + z>2 + m' 



;X — X , 



(62) 



X 



± 



i>m±y^(l + z>2)(l + rn2) 



(63) 



When the winding number m is turned off, the algebraic curve reduces to (l38i) . 

Now following the method in ref. [19] we reconstruct the solutions of linear problem 
from the algebraic curve E fl60]) and some assumptions on the form of L. The reconstruction 
is performed by using the fact that since the linear operators d + J and B + J can be 
simultaneously diagonalized with the monodromy operator Q, a solution of the linear problem 
should be proportional to the normalized eigenvector \E'„ of L 



"${10, w; x) 
"^niw, w; x) 



fBA{w,w;x)'^n{w,w;x), 

( ' ] 



(64) 



where fBA{w,w',x) is a scalar function called as the Baker- Akhiezer function. The flat 
currents J and J can be extracted by the singular terms in the Laurent expansion of some 
polynomial in L with coefficients being rational functions of x. For the Lax operator that is 
polynomial in x this extraction procedure is expressed as 



1 — X 



-L(w, w: x) 



J{w, w] x) 



x=l 



C-l 

1 + x^ 



■L(w, w: x) 



J{w, W] x) 



(65) 



x=-l 
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so that the solution of the hnear problem has the following asymptotic behavior near the 
essential singularities x = ±1 

^ ^ e-^'"-^+^'" . (66) 
The substitution of fl5^ and fl5^ into (jHSD provides 

ci = c_i = ^, (67) 



(68) 



which combines with the starting spectral curve S fl60l) and fl66l) to yield 



I k- \ l~x 1 + x 



which is a part of the Baker- Akhiezer function and agrees with the overall exponential factor 
in (156|) . As shown in fl6T]) the algebraic curve has two branch points inside the interval 
[—1,1] in the x plane. When 7 = and fi = k, the branch points x~^ and x~ collide with 
the essential singular points 1 and —1 respectively. 
We uniformize the algebraic curve S fl60|l as 



where passing from one sheet to the other one is performed by the transformation t — )■ —t. 
The two points x = oo~^ and x = oo~ in the algebraic curve S ( 160|) above x = 00 in the 
complex a; plane are provided hj t = —i and t = i respectively. The two points above x = 1 
correspond to 



\ /iA/l + 7"^ + K - /i7 



where the imaginary ti = iy {1 — x^)/{l — x ) reduces to zero for 7 = 0, /t = /i, and 
< 1, while those above x = —1 correspond to 



t = ±, 



^^VT+^ + - + ^^7 ±t_„ (71) 



where the imaginary t_i = + a:;+)/(l + x ) becomes infinte for 7 = 0, k = and 

1 < 

The Lax matrix is diagonal at x = 00, which leads to 

^„(w, w;x = 00+) = ^ Q ^ ) ^n(w, w;x = 00") = ^ ^ > (72) 

where has a single pole at x = cxd~, equivalently t = i, since the genus of the alge- 
braic curve dsn]) is zero such that there is no dynamical divisor. Therefore the normalized 
eigenvector can be parameterized by 

'^n{w,W-,x)=(^^\^y_^Y (73) 
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For one sheet, t is given by 



ix^ — X 



\ /iA/1 + 72 + - /i7 

whose substitution into the lower component of (1731) yields 

+ i ( X — — 



X — X 



(74) 



(75) 



that is compared with (l56l) . while for the other sheet the sign-changed expression t 



'x+ — x)(x — X ) leads to 



— za[w,w) 



that is compared with (15 7p . The exponent of 

t 



Vd 



I \ X — 



/i7 



K 



(76) 



exp 



K/i^l + 72 



is expressed in terms of t as 
t 



+ 72 



/iyrry + K - /i7 - ^1 /iv/TTT^- (/€ + Ai7)^^-^-i 



= c(ti', w; t). (77) 



Thus we have 



c{w, w; t)b{w, w) 



Since the flat currents vanish in x = 00, the solution \E'(w,w;t) of the linear problem 
becoms w and w independent. At x = 00+, (t = —i) the upper component c(w, w] —i)h{w, w) 
should be constant so that 

h{w, w) = = e't("^-'^), (79) 



which is evaluated from (177|) . At x = 00 , (t = i) the w and w independence of the lower 
component also yields 

1 



b{w, w)a{w, w) 



0) 



From the algebraic curve (I^U|) we have reconstructed two independent solutions of the linear 
problem, (I56p and ( 1Fr|) . Owing to these solutions give the following group element which 
we denote by g 



V2 



( 



l+i7 



-KTe+fiCT 



1 — ^KTp^UCr ^—KTe~fia 



(81) 

This expression seems to be different from the original group element g (1541) . but there is a 
freedom under the left multiplication by the w and w independent group element. Indeed 
we produce the original string configuratin by the following constant rotation 



9 = - 



V2 



;i + ^2)1/4 

1— ^7 

-(1+^2)1/4 



1+n 

(1+^,2)1/4 



^2) 
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5 Algebraic curve for the circular winding string in 

AdSs X 

We consider the circular spinning string solution with spins and winding numbers {S, n) in 
AdS^ and {J,m) in [12]. The string configuration in AdS^ is described by the embedding 
coordinates 

r_i + tYo = cosh poe'\ Yi + iFs = sinh poe'^ (83) 

with t = KT, (f) = LOT + na, and the S-^ part is given hy (p = ut — ma with J = v\f\ in the 
metric (|T6|) . The Virasoro constraint yields 

— i<? cosh^ po + (i^^ + sinh^ po + + = 0, nS = mJ. (84) 



Here we also rotate the worldsheet time as (!2T|) and make the interchange between Iq 
and Y2 to compute the group element 

sinh poe'^'^'=+*"°" cosh poe''^'^" 

— cosh poe'^'^" — sinh poe~ 



_ Mimpoe uu&iipoe . , 



which is expressed through (l25l) as 

_ / sinhpoe-5(^-"'-'^+'^) coshpoe^'^^"'"'^) \ . . 

-coshpoe-i'^("'-'^) - sinh Poet (^-"'-^+'^) ) ^ ' 

with w± = w ± n. The currents j and j are obtained by 

sinh^ pq- K cosh^ po (w_ - K)i7e^«'^-+^)"'-('^++'^)'^) \ 

-(cj_ - fi;)iJe- 5 (('^- (^++'')^) -(a;_ sinh^ po - k cosh^ po) / ' 

-■ _ w+ sinh cosh Vo (o;^ _ K)i7e5«'^-+'')"'-(^++'^)'^) \ 

~ 2 V -(u;+ - K)ife-t(("-+'^)'"-('^++'')'^) - (w+ sinh -/« cosh Vo) / 

with if = sinh po cosh po- 

The first solution for the linear problem is expressed as 



I 

j = 1^ 



^1 = e * V ^ J 



gi((^-+«)"'-{'^++«)"') 

g-^({a;_+K)MJ-(w++K)iIi) y 



(88) 

From the differential equations in f l28|l and f l29|) / and are determined by 
a = — +2cosh2po x — x = d_, 

f = -— TT^ K/rf_ + zhr-cosh2po — , 89 

smh zpo uj^ — K \ ^ \ io^ + K J J 

while the differential equations in (152]) lead to 

d = -f^^V-2cosh2po^^x-x^^rf„ 

f = -i—^^(^^ + ^(x + cosh2po'^]]. (90) 
smh 2po ooj^ — K \ ^ \ 00+ + K J J 
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However, there is a relation between w, k and n 

,2 , ,2 2 



K, = u — n = (91) 

so that (i+ = d_ and the two expressions are identical. The second solution for the linear 
problem is also constructed by 



e 4 



(92) 



where /i has the corresponding two equivalent expressions that we call as the minus and plus 
expressions 

h = .1 ^~ ^ ( TZT- i (x - cosh2po ^~ ) ) , 
smh 2po — K \ ^ \ + K J J 

h = __J_i^f^_if, + eo=h2p„^)]. (93) 

smh 2po — Ky* y Uj^ + k j j 

We use the minus expression to construct the polynomial Lax matrix by choosing A = 
A/^diag(l, -1) 



(94) 



~i (x - cosh 2po^3^) i sinh 2po^^et«'^-+''>'"-(^++'')'^) 

-isinh2po^3^e-^(('^-+'')"'-(^++'^)'^) i - cosh2po^^) 

The corresponding algebraic curve is obtained by 

= sinh^ 2po f ^^"l ' - (x - cosh 2po^^] ' , (95) 
while the equivalent curve in the plus expression is given by 

= sinh^ 2po ( ^^±^] ' -(x + cosh 2po^^^i^^ ' . (96) 
Thus we have a single expression of the genus-0 algebraic curve 

y'^ = -(—^] _2cosh2po f^^V-a;^ (97) 
For n > there are two branch points such that —l<x^<x^< 0, 

a;+ = —e-'^''\ x' = —e'^''°, (98) 

where k\/X has the A/J^ expansion 



ny/X = J + (mV + 2n^s) +■■■ (99) 
14 



with S / J = m/n, and n/{uj + k) is expanded as 



^ = ^fl-AL2^2m^ + 4n4)+...V (100) 
We use the A/J^ expansion for cosh^po [5] 

coshVo = 1 + 7 - ^ (('^^ + '^')7 + 7^) + ■ ■ • (101) 

to express e^^''° as 

e^^'"' = 2 ("coshVo - ^ ± coshpo\/cosh2 Po - (102) 



IH ±2W- + — 2 ± (^ + m )- + 2n^ — 

J \ J 2 j2 ^ s^si j y ' J J2 



6 Conclusion 

Based on the algebraic curve prescription [19j we have solved the linear problems for the 
analytic continued and SO(2,4) rotated string cnfigurations of the homogeneous string so- 
lutions that are given by the special large spin scaling limits of the folded string solution 
with spins 5* and J in AdS^ x [32] as well as of the generalized string solution with an 
additional winding number m in [3^ . Combining two independent solutions of the linear 
problems to construct the polynomial Lax operators, we have derived the algebraic curves 
as the second-order polynomials of the spectral variable x with coefficients expressed by the 
relevant fixed scaling parameters. 

We have observed that the locations of two branch points of the algebraic curve are so 
controlled by the Virasoro constraint as to stay between the essential singular points x = ±1 
in the x plane. It has been shown that in the J = m = case, namely the large spin GKP 
string case the branch points collide with the essential singularities so that the algebraic 
curve reduces to that for the null cusp Wilson loop. 

Inversely, starting from the obtained algebraic curve we have reconstructed the general- 
ized homogeneous string configuration by using some assumptions about the Lax operator 
and making an appropriate constant rotation. 

The algebraic curve for the large spin limit of the spiky string solution in AdS^ [151 has 
been computed and it has been shown that the large spin spiky string and the large spin 
GKP string have the same algebraic curve as the null cusp Wilson loop. These coincidences 
are regarded as the refiections of the link [2H] between the large spin GKP string and the 
null cusp Wilson loop as well as the link E5] between the large spin GKP string and the 
large spin spiky string through the SO(2,4) transformations accompanied with the analytic 
continuations. 

We have demonstrated that the algebraic curve for the circular winding string solution 
with spins {S, J) and winding numbers (n, m) in AdS^ x 02] becomes the genus-0 curve. 
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that is, the second-order polynomial including a linear term similar to that for the generalized 
homogeneous string configuration with spins {S, J) and winding number m in AdSs x S^. We 
have observed that the latter has a reduction such that the linear term vanishes for m = 0, 
while the former is not allowed to take such a reduction and has two branch points inside 
the interval [—1, 1] owing to the Virasoro constraint. 
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